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Transport Phenomena in Zonal Centrifuge Rotors.
VIIl. Dispersion in Reorienting Gradient Systems

H. W. HSU

DEPARTMENT OF CHEMICAL AND METALLURGICAL ENGINEERING
THE UNIVERSITY OF TENNESSEE
KNOXVILLE, TENNESSEE 37916

Abstract

Reorienting dispersion in zonal gradient rotors is analytically investigated by
evaluating the change of surfaces in each isodense layer. Analytical expressions
for isodense surfaces at various levels were obtained as a function of the
rotational speed and the ratio of rotor configurations, height of rotor to
inside radius of rotor, and outside radius of rotor core to inside radius of
rotor. Characteristics of the changes of each isodense layer were computed from
the formula derived. It is also shown that control of rotor acceleration and
deceleration is unnecessary. The dispersion due to gradient reorientation
is a constant for a given rotor with a given loading level.

INTRODUCTION

The early mathematical analysis of the area of isodensity surfaces in
reorienting gradient systems (/) has been extended to a rotor with core
but without septa configuration. In the previous paper (/) we concluded
that one has to bring the rotor as slowly as possible up to a pseudo-steady-
state rpm, the minimum rpm at which the isodense paraboloid will stop
changing its shape with an increase of rpm ; then after this speed is reached,
the rate of acceleration of the rotor does not appreciably affect the shear-
ing forces in the liquids. Because no further variation of interfacial area
occurs, dispersion due to the shearing forces in each layer disappears.
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The present analysis shows that the previous conclusion was incorrect.
We would like to point out that the dispersion of sample layers in
centrifugation is independent of the rate of acceleration in the startup of
a rotor. The dispersion of sample layers (the resolution) depends on the
configuration of a rotor and loading levels. With a given rotor at a given
loading level, a loss or resolution due to dispersion from the changes of
interfacial area is a constant, For K-II and J-I rotors, those dispersion
constants have been evaluated analytically.
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FIG. 1. Schematic diagram of reorienting gradient rotor with core.
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FORMULATION OF PROBLEM

We consider a cylindrical rotor system with inside rotor wall radius
R, outer core radius R, and height H. The rotor is filled, at rest, with
density gradient and sample layer as shown schematically in Fig. 1la.
Then the rotor is set to accelerate to a given rotational speed. During
acceleration, each isodense surface becomes part of a paraboloid of revolu-
tion and can go through a series of configurations. There are four types
of paraboloid configurations which will occur, depending on the liquid
loading level and change in angular velocity. They are shown in Figs. 1b
and 1d as Types 1, 2, 3, and 4:

Type 1: Z.>0,ry =R,,and Z, < H
Type2: Z. >0, ry < R,and Z, = H
Type3:Z, <0, ry =R,,and Z, < H
Type4:Z. <0, ry < R,and Z, = H

where Z_ and Z,, are the heights at the intersection of the paraboloid with
the rotor outer core and the inside rotor wall, respectively.

The sample layer sediments through the reoriented gradient while the
rotor is at speed. The separated particles band in respective isodensity
zones. Figures 1c and 1d are schematic diagrams of the reorienting
gradient rotor system in acceleration and the rotor at speed, before the
particles have sedimented appreciably and after sedimentation banding in
respective isodensity zones. The distribution during deceleration is shown
in Fig. le, with the distribution at rest shown in Fig. 1f. The separated
zones are recovered by draining the gradient out the bottom of the
rotor or by displacing it out the top.

MATHEMATICAL FORMULAS FOR ISODENSITY
SURFACES

The equation describing the parabolic surface of revolution is well known
and is given by Bird et al. (2) as

erZ

2g

where Z is a vertical axial coordinate, r is a radial coordinate as shown
in Fig. 1a, w is an angular velocity, g is gravitational force, and Z; is the
minimum of Z in the paraboloid, which depends on the angular velocity
and the loading level of liquid. For a rotor with core, Z, is a hypothetical

Z = +Z, M
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point which lies inside the core and changes from positive to negative with
an increase in angular velocity, w, or decrease in loading level. The
equation describing the paraboloid interfacial area can be obtained from

Eq. (1) to give
2 dl‘ 2731/2
5= | r[l +(d_z) | e

2ng (“[2w? 1/2
- ngl [-Z]—(z —Z) + I:I dz ©)

The quantities / and u are the lower and upper integration limits. These
values depend on the paraboloid configuration and must be constrained
by the volume of liquid loaded. The constrained liquid volumes in the
paraboloid for configuration Types 1 and 2 are

Zw
V=nR,>~R2 aH=n(R,>—R»)Z. + nj (R,> — r5dZ (3a)
zZ.
and
H
V=mnR,}?~RY» aH = n(R,” — R*)Z, + nj (R, — r9dzZ (3b)
Z:
respectively. For Types 3 and 4, they are
Z
V = n(R,* — R*) aH = n§ (R, — rHdz (3¢)
0
and
H
V =n(R,> — R a«H = nf (R,> — rHdz (3d)
0

respectively. The quantity « = d/H in Eqgs. (3) is the liquid loading level
as shown in Fig. la. One may visualize from Fig. 1b that if u = H, the
meaningful limit is ry, the radius of an isodense paraboloid at the upper
wall of a rotor; if / = 0, the meaningful limit is ry; the radius of an
isodense paraboloid at the bottom wall of a rotor. Thus it is more con-
venient to express Eq. (2) in terms of a radial variable instead of a height
variable.
If we define the following reduced variables,

o =dH (4a)
B = R,JR, (4b)
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7 = HIR, (4c)
Pr = ru/R, (4d)
Po = rofR, (4e)
{c=Z/R, (4f)
{o = Zy/R,, (4g)
Q = w’R,/g (4h)
Ai = Si/n(R,” — R?) (41)

We obtain the reduced isodensity surface area for each type of configura-
tion together with its constrained specifications as follows:

Type 1: 0 < {. <y, py =1

Ay [ + Q772 — (1 + Q7% )

-2
T3QA(1 - Y
with constraints

Q
e=ay—7(1=p)>0 (52)

and

(5b)

201 — o)y 1+ gE)2

One will see that for this type 4 = Z,,, and the term of (Z — Z,) at Z,, can
be obtained from Eq. (1) to give

@*R,?
(Zw - ZO) = 2g (SC)
Type2: 0<{. <y, f<py <1
2
A2 = g =m0+ Do) - (4 + Q2B (©)

with constraints

le=7 = —a)-(1 = pHN'">0 (6a)

2 ,y 5 1/2y1/2
p=pli s B ba—0a-m| <1 @
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Type 3:{. <0, py =1

2
A; = m[(l + QY2 — (1 + Q%% @)
with constraints

o @y 112
(o=~ 5{1 - f - 2[5(1 - ﬁz):l } <0 (7a)

1/2y1/2
p,,=[ig+1—z[°g(1 -—[)’2)] } > 1 (7b)

a,)) 1/2y1/2
/’)<P0={1—[2§(1—/32)} } <1 (70)
Type 4: (. <0, < py <1
2

Ay = 3—97('1—_F3[(1 + Q%)Y — (1 + Q7o) (8)

with constraints

1
= — (@ = - (= Pl-} <0 (8
.y 1/2
po<pﬂ=[5+ ! —(1—ﬁ2)a] <1 (8b)
e
/3<po=[1 e —/32>a—5] < pn (89)

When B = 0, no core in the rotor, all the equations reduce to the
expression given in Ref. 7, p. 178.

NUMERICAL RESULTS

A Fortran program for an IBM/360 series digital computer was written
to calculate the reduced paraboloid interfacial area 4; as a function of
speeds of revolution and the loading levels of liquid. By use of Egs. (5)-
(8), the reduced paraboloid interfacial area was calculated for K-Ill and
J-1 rotors; the results are presented in Figs. 2 and 3. The dimensions of
these rotors are listed in Table 1.

From Figs. 2 and 3 it is found that the variation of the reduced
paraboloid interfacial area as a function of both speeds of revolution and
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FIG. 2. Variation of reduced interfacial area with respect to speeds of revolution
for the K-111 rotor.
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TABLE 1

Dimensions of Rotors

Dimension (cm) K-111 J-1

Height, H 75.08 38.338
Rotor diameter, R,, 13.22 8.890
Core diameter, R, 10.90 7.184
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the loading levels of liquid exhibits the same general profiles as the rotor
without core. Therefore the variation with respect to y[ = H/R,] for
rotors with core is expected to be the same as rotors without core. Hence
the variation of the paraboloid interfacial area with respect to 7 has not
been performed.

During the gradient reorientation from rest to a stable orientation in
a high centrifugal force field, the shearing forces occurring in a liquid
confined in a closed cylinder will cause an increase in dispersion of a
reorienting gradient system. The dispersion coefficient contributed from
reorientation, D, may be written as

D - 9Sfare 5
orien_d, ()

orien»

time

In a given time period the dispersion due to reorientation shearing forces
is

T ( dS
g = .( Do dt = j ——dt = S(1) — s(0) (10)
0 odt

Investigating Figs. 2 and 3, one finds that an isodensity interfacial area
will approach a constant value (completely oriented) after a certain
rotational speed for a given liquid loading level. A rotational speed,
rpm = (60 x w)/2n, is directly proportional to an angular velocity
o[ = sec™!]. Thus Eq. (10) may be rewritten

" d ted, " d. te
ng Sdt=§ ﬁdr+j sdt=j é—:dt:S(tc)—S(O)

OE 0 dt ,CE o di
we  ds "1 e (s
- [0 md(—a—)) - L i = S(o) ~ SO) (10a)

in which 1, is the time required to reach a completely reoriented paraboloid
configuration, and w, is the angular velocity a which the paraboloid con-
figuration is completely reoriented, From Eq. (10), one may see that S(w,)
is a function of rotor configuration and liquid loading level only. Therefore
we conclude that dispersion from a reorienting gradient system is
independent of rate of acceleration; it is a constant depending on rotor
configuration and liquid loading levels.

For evaluation of dispersion constants for K-111 and J-1 rotors with
variation of core radius (0 < f < 1) and of reduced liquid loading level,
o varying from 0.1 to 0.9, a graphical differentiation and integration was
performed from Figs. 2 and 3. The dispersions due to reorienting for
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K-I11 and J-I rotors are presented in Figs. 4 and 5, respectively, in a unit
of number of times the isodensed area increased.

DISCUSSION

From the foregoing analysis we would like to make the following sug-
gestions: One should accelerate a rotor quickly to reduce total operation
time, so that dispersion due to molecular diffusion will be minimized (3).
Control of rotor acceleration or deceleration is a very difficult task.
Therefore the control is unnecessary. Furthermore, at high speeds the
fluctuation of rotor speed is less than at lower speeds and a smooth
operation is easier to obtain. This finding is in agreement with our experi-
mental investigations (4) on two-dimensional transient flow pattern and
shear stress distributions, in which we have found that changing the rate
of acceleration produces no noticeable effect in any flow patterns, shear
stress distributions, or their magnitudes during transient periods for a
given rotor.

We feel that the improvement of zonal centrifugation should be
directed to an improvement in loading and unloading methods to reduce
the dispersion from these operations. The next step will be to improve
rotor configuration so that dispersion from shearing force by the
reorienting gradient can be minimized.

SYMBOLS

reduced paraboloid interfacial area, defined in Eq. (4i)
liquid loading level (cm)
acceleration of gravity (980 cm/sec?)
height of rotor (cm)
radius coordinate
ry radius of isodense paraboloid at top wall (cm)
ro radius of isodense paraboloid at bottom wall (cm)
outside radius of core (cm)
inside radius of rotor (cm)
S, paraboloid interfacial area of type i (cm?)
¥V volume of liquid (cm?)
Z vertical axial coordinate
Z, minimum of the height of isodense paraboloid (cm)
Z. height of isodense paraboloid at core (cm)
Z, height of isodense paraboloid at rotor wall (cm)
o reduced liquid loading level, defined in Eq. (4a)

~ e o

o

3
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Ji] ratio of core radius to rotor wall, defined in Eq. (4b)
y ratio of height to rotor wall, defined in Eq. (4c)
Pu reduced radius of isodense paraboloid at top wall, defined
in Eq. (4d)
Po reduced radius of isodense paraboloid at bottom wall,
defined in Eq. (de)
L. reduced height of isodense paraboloid at core, defined in
Eq. (4f)
lo reduced minimum height of isodense paraboloid, defined in
Eq. (d4g)
w  angular velocity (sec™!)
Q reduced angular velocity, defined in Eq. (4h)

Subscripts

0 quantity evaluated at minimum position or at bottom wall
1,2,3,4 classification of paraboloid type

c quantity evaluated at core wall

H quantity evaluated at top wall

w quantity evaluated at rotor wall
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